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Abstract 
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1 Introduction 



It is fair to say that the concept of dimensionahty plays an important role in Physics. In 
particular, the developments in quantum field theory as well as in statistical mechanics have 
greatly enlarged its importance. In renormalization theory, string field models, the concept of 
dimension is found to be not only a characterization of the background space were the physical 
phenomena are supposed to take place, but also a physical regularizing parameter. Indeed, a 
world with a given dimension very often shows merits and faults not found in some others of 
different dimensions. This led to the search for hyperspaces which could gather together the 
praises and avoid the imperfections of the theoretical models. 

For instance, two dimensional models show the great relevance of complex structures in 
Quantum Field Theory. Moreover, this approach produces a dimensional halving, but, in spite of 
the low dimensionality, the conformal models are described by means of an infinite dimensional 
algebra [Q. 

So, the wide class of these "new" symmetries has been supporting the conjecture that life 
in two dimensions could be easier and more convenient |^]. The so-called W-algebras were a 
byproduct of this feasibility in two dimensional spaces. For an extensive review on the various 
possibilities offered by these kinds of symmetries we refer to [|[. Thus the question of extending 
this type of symmetries to higher dimensional spaces comes naturally. The extension required 
the use of the Kodaira-Spencer deformation theory |^]. In particular, chiral symmetries have 
already been extended from 2D conformal models built on a Riemann surface to models to a n 
complex dimensional complex manifold ^, Note that Kodaira-Spencer type deformation 
theories have been already used to describe Woo in two (or more) dimensions H^, 0, Q in 
order to study holomorphic properties (chiral splitting) or mirror manifolds of arbitrary complex 
dimension |0, |8|, 0, 16, 17]. Their cohomologies have been investigated both in Lagrangian 



Field Theory models |^ and in more general mathematical aspects in |18, p!9| ]. 

Therefore we shall address in the present paper the extension to n complex dimensions of our 



BRS treatment for Woo-algebra grounded on a symplectic approach [20, 21, In the latter, the 
algebra emerges from a ghost realization geometrically constructed from the symplectic approach 
and as a byproduct the infinite number of chiral ghost fields C*^"\ n = 1,2,..., turn out to be 
(— n, 0)-conformal fields and their infinitesimal variations have a well defined geometrical setting. 
To be more specific, let us remind how the chiral Woo-algebra is recovered in the bidimensional 
case over a Riemann surface. For any positive integer n, the local variations of the chiral ghosts 
are 

n 

5C(")(z,z) = mC^'^\z,z)d,C^''-'^+'^\z,z). (1.1) 

m=l 

Introducing by duality to each ghost a local operator r(„)(z,z) in order to construct the anti- 
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commuting functional BRS operator |p3[, 



6 = Y, [ dz A dz (c(") {z, z)T^^) (z, z) + 5C(") (z, ^^'j^^ _^ ) , (1.2) 



namely, {5^ 5} = 0, leads to the following local commutation relations, 



T(n){z,z),T(^^){z' 



n 



dz'S^'^^ {z' - z)T(ri+m-l) {z, z) - ITL dj^^'^ {z - z')^(n+m-l) {z , z) (1.3) 



which turn out to be a realization of the so-called Woo-algebra if one goes to the Fourier modes. 

We stress that the well defined ghost realization allows one to write down the extension of 
the Woo-algebra to higher dimensions. Moreover we want to take advantage of the symplectic 
description for incompressible flows in order to extend to n dimensions the notion of Woo-algebra, 



which in two dimensions is related to area preserving diffeomorphisms, see for instance |13| and 
references therein. 

The algebra will be described in our approach by means of the Kodaira-Spencer deformation 
theory of complex structures but reformulated in a symplectic framework. The physical moti- 
vation of investigating the subject relies is connected to the so-called PF-gravity and also on the 
fact that quantizing a conformal gravitational theory would incorporate all the possible config- 
urations of the gravitational fields. By the way, "well defined" gravitational conformal models 
are fully described by means of the complex structure of the surrounding space. Therefore a 
complete description just at the classical level of all its possible deformations might be relevant 
for a successful quantum improvement. 

The paper is organized as follows. We shall first briefiy introduce in a non-technical way, 
the Kodaira-Spencer deformations, referring the reader to the book by Kodaira [^] for a more 
complete survey, especially Chapters 2, 4 and 5. Then Section 3 will give a geometrical setting 
of symplectomorphisms in a generic n complex dimensional space in order to introduce the BRS 
formulation of the (infinitesimal) diffeomorphisms of a symplectic space. Furthermore in Section 
4 the specific Kodaira-Spencer deformation of complex structures related to Woo-algebra will be 
presented through a symplectic approach by using a ghost representation. It is recalled that the 
symplectic treatment of the two-dimensional case for W-algebras [^] provides a well defined 
geometrical definition of the ghost fields and their BRS variations as well. In the present paper 
we avail ourselves of that symplectic approach, in order to address the problem of extending to 
arbitrary complex dimensions the notion of Woo-algebra and its consequences, in particular, for 
the study of Lagrangians subject to that type of symmetry to which a very brief Section will be 
devoted. 
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2 A short account on the Kodaira-Spencer deformation 



Let M be a n dimensional (compact) complex manifold described in terms of background local 
complex coordinates: 

(z'^) := k = l---n (2.4) 

and the subordinated differentiable structure {z^, z^) turns M into a 2n real dimensional mani- 
fold. 

n 

Its complex structure is determined by the d = dz^dj operator. In order to control the 

i=l 

deformation, usually a complex deformation parameter t = {ti, . . . ,t„) is introduced. Basically 
the physical implications of this mathematical field of interest, rises from the primitive idea 
that a complex manifold is composed of a set of coordinate neighborhoods patched together. 
Obviously the patching procedure sewing should be irrelevant to the manifold description. In 
this philosophy a deformation of M is considered to be the sewing of the same patches, through 
a fit of the parameters t via various identifications. Four our purpose the dimension of the 
parameter space will be exactly equal to that of M. According to Chapter 5 of Q one considers 
a complex family of compact complex manifolds as a complex manifold A4 and a holomorphic 
map w : A4 ^ B where B is a domain in C" such that zu~^{t) = Mt is a compact complex 
manifold. For A C B sufficiently small, Ma '■= ■ci7~^(A) can be identified as a complex manifold 
with the complex structure defined on the smooth manifold M x A since the subordinated 
smooth structure is always the same and does not depend on t (Q Thm 2.3). Accordingly, 
local complex coordinates on Ma will be given by the system of local complex coordinates 
{Z°'{{z,z),t),t°'), Q = 1, . . . ,n and for fixed t, Mt is the complex structure of the differentiable 
manifold M defined by the system of local complex coordinates (2°' ({z ,'z) , t)) , a = l,...,n 
considered as a smooth change of local complex coordinates on M i.e. the Jacobian does not 
vanish. 

On the other hand, the deformation of complex structure is thus described by the change of 
the 9-operator Q 

n 

5^5-^/((z,z),t)9, , (2.5) 
e=i 

the fi^{{z,z),t) are unique smooth (0, l)-forms on M x A. In this way, one can describe both 
infinitesimal and finite deformations. Indeed, by looking for, at fixed t, the local solutions 
Z°'{{z,^),t) of this family of deformed 9-operators 

n 

(9- ^/((z,z),t)a,)z"((z,z),t) = (2.6) 

then they will patch together holomorphically with respect to the complex structure Mt and 
thus they will define a new complex structure parametrized by the ^ on M. 
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To be consistent with the deformation philosophy discussed before , the previous equation 
( |2.(i| ) must be coupled (Newlander-Nirenberg integrability theorem) |^ with the Kodaira-Spencer 
(integrability) equation 

dfi{{z,z),t)-^[fi{{z,z),t),fi{{z,z),t)^ =0 (2.7) 

where fi{{z,z),t) = fj,'''{{z,z),t)de, is a smooth (l,0)-vector field valued (0, l)-form on M and 
the graded brackets [, ] means the commutator of two vector fields and wedging. 

To sum up, two solutions of Eq(2.7) correspond to the same complex structure if they differ 



by an holomorphic diffeomorphism. Since for i = both {z'') and (2:°(z,0)) are local complex 
coordinates on the complex manifold M, then Z'^{z,0) are holomorphic functions of (2;^^), show- 
ing that n{z,0) = 0. The construction of the new local complex coordinates Z"'{{z,z),t) for each 
fixed t will correspond to a smooth change of local complex coordinates (z^) 1-^ {Z°'{{z,z),t)). 
The construction holds in each holomorphic sector in t. Embedding in a symplectic framework 
generates an infinite sequence of changes of local complex coordinates. It is the signature of 
their behavior under symplectomorphisms which gives rise to an algebra. The latter extends to 
higher dimensions the usual Woo-algebra ( |1.3D . 

For this reason, if we wish now to settle the Kodaira-Spencer deformation in a symplectic 
framework, we may consider the deformation parameters as the conjugate variables (by sym- 
plectic doubling, as it will be better specified later on) to those of the configuration space by 
identifying locally, as differentiable manifolds, the cotangent space T*M with A4a endowed with 
local smooth coordinates {z'' ,z^ ,t,t). Then all the requirements to perform a Kodaira-Spencer 
deformation will be satisfied, so that this mathematical artillery will be at our disposal to inves- 
tigate the possible extension of our symplectic approach to a n complex dimensional manifold 
and the consequences for physical models, in particular higher spin fields and their sources. 

3 Symplectomorphisms in 2n complex dimensional complex sym- 
plectic space 

Symplectomorphisms describe diffeomorphisms preserving a given symplectic structure on the 
cotangent bundle T*M. They can be respectively described in terms of local coordinates, namely, 

u{z,y) = iz'---z''X---z";yi---yn,yi---yn) (3.1) 

and respectively endowed with the symplectic fundamental 2-form which, in full generality, 
locally writes according to the system of local coordinates -not necessarily the Darboux's ones. 
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^U{z,y) = Yl ^ + = ^^U{z,y) (3-2) 

n 

with the following local requirements 

det 7^ 0; det |^(/3,q)| / 0; d^w* = dyUjj = dzuj'p = dyujp = 0. (3.4) 

and the invariance of the fundamental 2-form is locally expressed by 

^u{z,y) = ^u{z,y)- (3-5) 
Locally, this implies on U{z,y) f]U{Z,y) ^ that 

^u{z,y) - 0u{z,y) = dF. (3.6) 
From now on, we shall work locally in terms of the 'mixed' local independent coordinates 

iz,y), 

U{z, y) = {z^... z^'.z' • ■ ■ z"; 3^1 ■ ■ ■ • • • yn) (3.7) 

where we define the differential operators (from now on the Einstein's convention for sum- 
mation will be used throughout the paper): 

d = d, + dy- d, = dz'-^ + df-^ = dz% + dz%- dy = dy^g^ + dy^^ (3.8) 

The corresponding generating function ^(z,y) is obtained trough the Legendre transforma- 
tion 

d^zy) = d{F + uj'^Z^ya + c.c.) = ujividz^ + u'^Z^dya + C.C. (3.9) 
In the cotangent space T*M endowed with this system of local coordinates, the mappings: 

y^{z,y)^u^,y^ = ^^^^dMz,y) (3.10) 



z''{z,y)=Lj'^z^ = ^^^^ (3.11) 



dya 

are canonical and define new canonical variables via the u matrices 



Several ways can settle this canonical procedure: Poisson brackets (or something similar), 
flow analysis of hierarchical structures. We shall be concerned with the study of this aspect in 
a field theoretical language by using the BRS formulation. Moreover we can rewrite: 



^u(z,y) = d^z''{z,y)dz' Adya + djZ''{z,y)dz' Adya 
+ diZ'^iz, y)dz' A dy^ + djz"iz, y)dz" a dy^ 

= T^Viiz, yW A dy^, + ^yj{z, y)d-t A dy^, 
dya dya 

+ ^y^{z, y)dz' A dy^ + ^y,{z, y)d-t a dy^ 

= d,dy^Z,y) 



(3.12) 



from which we get the relations of duality (with their complex conjugate expressions as well): 



diZ^iz,y) 



^y^{z,y), djZ'^iz,y) = ^y,(z,y). 



(3.13) 



In order to parametrize our space we define |2C, 21, 22] the Hessian matrix elements by 



di-^Hz,y) ^ xnz,y) 

dj-^Hz,y) ^ xnz,y)f^{z,y) ^x^{z,y)]i^{z,y) 



(3.14) 
(3.15) 



with det |A| 7^ for non singularity requirement and also for the complex conjugate expressions. 
From Eqs( |3.14 )( |3.15 ) we get the following identities: 

d 



dj\fiz,y) = diX'^{z,y) 

dj\nz,y) = di(^Kiz,y)f^jiz,y) 

dj\f{z,y) = di(x;iz,y)ji^iz,y) 



dyf3 

d 



dya 



(3.16) 



dy^ 

d 



xr{z,y) 



dy 

d 



^ ^x^{z,y)Tii{z,y)] (3.17) 



dya 



xuz,y)i^^Az,y)] (3.18) 



So from Eqs ( p.l3 )(3.14)( 3.15D we have the following two main identities which must be 
viewed within the Kodaira-Spencer spirit of Eq(p.6|) : 



dj-fi^jiz,y)dr ]z''{z,y) = Cjiz,y)z'^iz,y) = o 



(3.19) 



f4(^^y)7^ ]yriz,y)^c''iz,y)yAz,y) = o 



dya 



dy^ 



(3.20) 
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where the role of the parameter t of deformation is presently played by the covariant coordinates 
iy,y) ill the former or by the background complex coordinates {z,z) in the latter. The first of 
the two equations tells that a local deformation of the complex structure on the base complex 
manifold M can be implemented by using the symplectic structure on the cotangent bundle T*M, 
while the second one governs the vertical deformation. This coincidence justifies our point of 
view of taking the conjugate variables as the deformation parameter. Hence, the complex family 
of complex manifolds My is locally recasted as the symplectic cotangent bundle TM when the 
differentiable structure is considered. 

Let us write down the following Pfaff system 



d,z^{z,y) = xf{z,y)(^dz' + f,iiz,y)dzj'^ =:(^dz + dz-f,{z,y)yx{z,y) 
dyy,{z,y) = xt{z,y)(dya + f^Ziz,y)dya] (3.21) 



The system serves to define two types of Kodaira-Spencer differentials, namely, fj^{z, y) and 
^^(z, 3^) which parametrize the complex structures on the base space M with background local 
complex coordinates and the fibers with local coordinates {y,y), respectively. These 

complex structures are interlinked by the duality relations Eqs( p.l3| )( |3.15[ ) 

^j^{z,y) = djZ''{z,y)[x{z,y)-% (3.22) 
^^%z,y) = [X{z,yr%dr^''{z,y). (3.23) 



Inverting the previous formulas Eq(3.21) by matrix inversion 



di = (z, y)da + jijiz, y)Xj{z, y)da = x^z, y) (a„ + /^^(z, y)da) (3.24) 



where da = ^.^ , one gets 

dZ°'[z,y) 



^ xnz,y)i^ + iA{z,y)^ ]^xnz^y)v\z,y). (3.25) 



dy^ \dy, 'dy^. 

It now easy to derive from Eqs( |3.15| ) (|3.25D another description of the Kodaira-Spencer dif- 
ferentials 

ijj{z,y) = v%^{z,y), (3.26) 

where y = y{z,y) has to be taken into account. The most relevant properties of the T)^[z,y) 
a 

dy. 



and jSj- operators can be summarized as 



The third order derivatives of ^> yields The integrabihty conditions Eq( |2.7D for the deformation 
of complex structures in the (z,z) and {y,y) spaces respectively write 



(3.28) 



x^{z,y)d,f,<'^{z,y) = x^^{z,y)d,4{z,y) 



(3.29) 



Moreover in the (3^, 3^) space, the partner of the Kodaira-Spencer equations can be immedi- 



ately recovered computing dj^^-^2^{z,y) 

L^{z, y)f4{z, y) = L\z, y)f,Uz, y) 

with the consistency conditions: 



Cj{z,y),Cj{z,y) 



c^{z,y),cP{z,y) 



0. 



(3.30) 



(3.31) 



3.1 BRS setting of symplectomorphisms in 2n complex dimensions 

As said before the Kodaira-Spencer deformations reparametrize in a consistent way the space of 
complex structures. Furthermore, we shall study the action of reparametrizations on symplectic 
space (symplectomorphisms) . 

The BRS setting for symplectomorphisms can be performed along the lines developed in 
|20|] . Let us define by S the nilpotent BRS operation associated to the infinitesimal symplecto- 
morphisms. Locally, S will be represented in (z, 3^) coordinates by 



s^{z,y)=K{z,y), SK{z,y) = {) 



(3.32) 



The infinitesimal BRS transformation of the deformed coordinate Z"{z,z) can be calculated 
from its canonical definition Eq( 3.1C| ),( |3.11| ) 

d 



sz'^iz^y) 



dy^ 



-A{z, y) = \f{z, y)v\z, y)K{z, y) = c\z, y)d,z^{z, y) 



(3.33) 



where the chiral ghost fields 0{z,y) naturally emerge and are related to the ordinary diffeo- 
morphism ghosts d{z,y), o^(z,3^) on T*M within this symplectic framework by 



c'(z,y)sv'Hz,y) 
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c\z,y) + iA{z,y)&{z,y) (3.34) 



which explicitly corresponds to a change of generators for symplectomorphisms. Their BRS 
variations read 



sc\z,y) 
sd{z,y) 



c\z,y)df\z,y) 
c^{z,y)dj+c^{z,y% c\z,y). 



(3.35) 
(3.36) 
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These BRS transformations correspond to an infinitesimal reparametrization of ^"(2:, 3^) due to 
an infinitesimal shift of the {z, z) background, keeping {y, y) fixed. 
We can easily derive: 

(3.37) 
(3.38) 



sxnz,y) = di(^x'^iz,y)c^iz,y) 
s(^x^{z, y)fjj{z, y)) = 9j(a?(z, y)C{z, y) 



so that 



m 



Sfii{z,y)=c\z,y)dii^'j{z,y)-diC{z,y)fiL{z,y)+djC'{z,y) (3.39) 

The non-chiral representation of this algebra can be easily given following the lines of 
where we have stressed the relevance of the {z,'z) counterpart of the Kodaira-Spencer equation 



(3.40) 



Finally, note the important commutators coming from the combination of the commutators 
[S, ^] = = ^] ^ith dll) (pD: 



Moreover the ordinary ghosts d{z,y) transform as: 

Sc\z,y) = U{z,y)di + c\z,y)dj)c\z,y) 



s,v\z,y) 



[A(^, yr% ^^ Xfiz, y)C^ (z, 3^) (z, 3^) 



-drC\z,y)v'iz,y) + c\z,y) dr,v\z,y) 



(3.41) 



Conversely, from Eqs(3.10),(3.11) we can derive the infinitesimal transformation of y^{z,y) 
due to an infinitesimal reparametrization on {y,y) space, keeping the (z,^) background fixed. 



Sy,{z,y) = ^^A{z,y) = xf{z,y)(^da + fi'^{z,y)da)Aiz,y) 



uj^iz, y) + <(z, y)u^{z, y) ) -^Viiz, y) 



Oaiz,y)-^y,{z,y) 



where it has been set 



and: 



u:a{z,y) = do^A{z,y) 



d 



so^iz,y) = Ofsiz,y)-^o^iz,y). 



(3.42) 
(3.43) 

(3.44) 



9 



Now the generating function ^{z,y) for such canonical transformations will be so chosen 
in order to view the holomorphic deformation process in the 3^ direction as being a canonical 
transformation. 

For the purpose it will be convenient to use a multi-index notation. Let A, B denote multi- 
indices on the fibers related to Greek indices and while and /, J denote multi-indices on M 

n 

related to Latin indices. For A = (oi, . . . , a„) with positive integers > 0, [^| = will be 

a=l 

n 

the order of A and one sets A + lp = (ai, . . . , a^_i, a/3 -|- 1, 0^3+1, . . . , a„), A\ = JJ a^!. For the 

a=l 

sake of notational completeness, on the base M one will similarly use I + lk = (^i; • • • ! ik-ijik + 
. . . ,in). Now, one chooses a 3^-holomorphically split generating function 

^z,y)= ^''^\^^^)yA + c.c., (3.45) 

n 

where for \A\ > 1 and 3^^ := 

we have set 

^ y=o - \A\\{dyir^---{dyn)-- - - ^"^-^^^ 



\A\\ dyA 



Cl^l _)_ _ 1")! 

for the -r-rr- 7 independent derivatives of order 1^1. With such a generating function the 

|^|! (n — 1)! 

symplectic two- form ( p. 12 ) is locally written as 

n= dzZ^^^ {z, z) A dyyA + c.c (3.47) 

\A\>1 

while the new coordinates defined in ( p. 101 ) and (3.11) are respectively given by 

y:{z,y) = E d,Z^^\z,^)yA+Y 5.^^''^(z,l)3^^. (3.48) 

|A|>0 |B|>0 
n 

|A|>0 a=l 

n 

= Z'^{z,z)+Y, E("" + l)^^^^''^^(^'^)^^ (3.49) 

\A\>1 a=l 

Note that Z'^{z,y) = Z°'{z,^) showing that the complex structure given by the local 
complex coordinates Z" is the one which is actually deformed. Recall that the latter are local 
complex coordinates solutions of ( |3.19| ) at ya = = and have already been treated in the 
context n complex dimensional manifolds in Q. 

As explicitly shown above, the local coefficients Z^'^^z,^), \A\ > 1 thus describe the response 
to the deformation of the Z°^{z,z) complex coordinates. Combining the decomposition ( 3.47 ) 
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with the covariance requirement ( |3.5| ) leads to an infinite sequence of changes of local complex 
coordinates (z'^) — > {Z^^\z,z)) whose the algebra of infinitesimal transformations can be 
derived by means of BRS techniques. 

Furthermore, the role of the complex structures involved in the present approach can be 
deepened. Indeed, the Kodaira-Spencer differentials IJ^{z, y) reflect the general behavior (see Eq 
( |3.26D ) of the generating function of the canonical transformations. Their infinitesimal behavior 
in the {z,z) and (3^,3^) spaces are constrained by both Eq ( 3.29 ) and ( ^.30 ). Now the explicit 
complex deformation will be chosen as a particular case of [Q, according to 

f^iz,y) = Yl /"j^^^(^,^)3^A , (3.50) 
|A|>0 

With ;.i(^)(.,z) = _|__(ajcj>(,,3;)[A(z,3;)-i]y|^^^. 

This series converges in a Holder norm and represents a deformation of the integrable complex 
structure defined by ^j^^^ with the role of deformation parameters is played by y as already said 
before. Since the use of this space doubling is to introduce a symplectic structure in order that the 
smooth local changes of complex coordinates (z'^) — > (Z^'^^ {z, z)) are interpreted as coming from 
a symplectomorphism symmetry. Recall that the generating function ( 3.45| ) for the canonical 
transformations has been chosen to be compatible with the deformation ( |3.50D . The holomorphic 
character of the deformations will define, in a BRS framework, a series of infinitesimal symmetry 
transformations which will reproduce the n complex dimensional extension of the Woo-algebra 
as will be shown in the next Section. 

The link of the parametrization in Eq( ^.49 ) with the one of (|]5^) is given through (|3.15D 
by, for I > and for each a = 1, . . . , n -no summation over a- 

{a^ + l)djZ^^+^-\z,z)= Yl (6a + mz(^+^'^)(z,z)4(^)(z,z) (3.51) 

\B\, \C\ > 
B + C = A 

which, in the particular case of \A\ = 0, reduces to the usual Beltrami equations 

9jZ"(z, z) = drZ'^{z,z) fj^ (°)(z, z) (3.52) 

which were fully treated in |^] in the two dimensional case. In this context the integr ability 
condition ( p.28D is transfered on the jet coordinates fAj ^^\z,^) with \A\ > 0, as follows 



dj^L(A\z,z) - ^J^^;(^\z,z) = Y {fil^''Kz,z)dsfi^(^\z,z) - /.f(^)(z,z)a,//r(^)(z,z)).(3.53) 
For \A\ > 1, 



\B\,\C\>o 
B + C = A 



d^z^^){z,z) = \-^d,^z,y) V g\fhz,z)^,^^\z,z) (3.54) 



A\ dyA 



1<1^1<IAI 
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where we have set for |/[ > 1, 



(2;, 



,z) ■.= ^v('\z,y)djHz,y) ^ -.= 11 (v'iz^y))'") djHz,y) (3.55) 

as representing the n-dimensional version for the W-extension of the Beltrami multiphers intro- 
duced by Bilal Fock and Kogan [p^ j. It is worthwhile to say that the coefficients are 
very intricate non local expressions depending on the derivatives up to order \A\ of Z^^\ with 



1 < \B\ < \A\. Writing (3.54) in more precise terms one has for \A\ > 1, 



djZ^'^\z,z) 



lJj{z,z)drZ^^\z,z) + 



(/I + ■•• + /")! 

711 .. . /n| 



f (3.56) 



0=117-0 |=aQ \/3=l 

where on the multi-indices I" = . . . ,z") the summand I = 7° is the linear addition on 

a=l 

the monoid of positive integers N" while X^p{z,^) = (j)r2^^ {z,z)j . Moreover, in the above 

r=l 

expansion /jj must be identified with //j -see ( 3.5ip and ( 3.52| ). 



Furthermore, the symplectic structure of the space ought to provide by virtue of ( 3.50 ) a 
recursive construction for the coefficients fij^^^ defined in ( 3.501 ) for the complex structure in 
terms of those of Bilal- Fock-Kogan defined in ( 3.55| ). This certainly allows to write 



f^(^^y)= 5]-^^,)(^,3^)/if (^,^) 



(3.57) 



|/|>i 



where the very complicate coefficients J-'^j^{z,y) depending on the Q carry a well defined geo- 
metrical meaning. 

4 Classical Woo-algebra in n-complex dimensions 



Due to the holomorphically split expansion ( p.45 ), the action of the BRS operator S on the 
theory can be parametrized by means of new ghost fields directly obtained from this expansion. 
These will be intimately related to the Woo-algebra. Indeed, since 53^^ = 0, by using (|1|), for 
|yl| > 1, one gets the same combinatorial expansion as ( |3.54| ) 

1 ai^i 



Z:Z 



Mz,y) 



Ai dyA 

where we have introduced the independent ghost fields 



z, z 



c(')(z,z) ■.= ^v^'\z,y)L{z,y) 



n 



n 

k=l 



(4.58) 



(4.59) 
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Note that from the very definitions, the dependence on the generahzed Bilal, Fock and Kogan 



pararameters can be isolated and turns out to be coupled to the ghost c* := 



7^(0,*) 



6'\z,z)=^i^'\z,z)c^^^\z,z) + 



{z,z) :-- 



dA{z,y) 



y=o 



(4.60) 



the full detailed expression will be given down below -see ( [4.67| ). 

Notably, after a tedious combinatorial calculation based upon the commutators ( 3.41 ), the 
BRS variations of the ghosts defined by ( 4.591) turn out to be local (in the sense that do not 
depend on the A-fields), namely, for |/| > 1, 

V-n A ^ \- (/-J^^)-ifc + i.)! 

= 2^(1 -'^o.J ^ (I-JW-I,)! ^ 

(4.61) 



SC^^\z,-. 



(/- jW-lfc + l,)! 
(/- J«-lfe)! 



where the notation J^'^) means J^^'^ = (ji, . . . , jk,0, . . . ,0) (and similarly for I^'^^), J < / is a 
shorthand for ji. < ii^, k = 1, ...,n and 

ir — jr + ^ if 1 < r < /c — 1 

if r = A; (4.62) 
if k + 1 < r < n 

This formula represents the extended version to n complex dimensions of the chiral Woo-algebra. 
Indeed, let us consider n = 1 a complex curve which represents a bidimensional theory built on 
a Riemann surface. In that case, the multi-index / reduces to a simple index and for |/| = ii = 
m, J^^^ = (ji) = j, r = k = 1 , the formula ( [4.6l| ) reduces (with I = m — j) to that found in 



ik - 3k 

ir + 1 



21| 



(m-£+l) 



(4.63) 



and recalled in the introduction -see (1J-). Going back to the general case, at first order |/| = 1, 
we refind the usual BRS transformations for the chiral ghosts C* under diffeomorphisms of M [0] 



SC\z,z) = C^{z,z)diC\z,z), 



(4.64) 



showing that diffeomorphisms are actually captured by the Woo-symmetry. In order to exemplify 
once more ( |4.61 ), at the second order |/| = 2, for 1 < i < j < n, the multi- index / = 
(0, ■ ■ ■ , 0, 1, 0, • • • , 0, 1, 0, • • • , 0), where 1 is at the both i-ih. and j-th places will be shorthandly 
written as / = {ij) in order to recover a tensorial notation. With this notation, one gets 

S&i\z,z) = r{z,z)drC^'^\z,z) + 2C^''\z,z)dia{z,z) + 2C'-"\z,z)djC{z,z) 

n n 
+ J2 C^""\z,z)drC^{z,z) + C^^"Hz,z)drC\z,z), 



r = l 
r ^ i 



r = 1 
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(no summation on i and j and recall that the independent ghosts are C^*-'^ ). In particular, the 
case i = J is obtained by dividing both sides of the above equation by the symmetry factor 2, 



as m ( p3|) with 

where / = [ii) means 2 at the i-th place, a shorthand notation saying that the multi-index 
entries are ifc = 25^^. Of course, there is the complex conjugate expression to ( 4.61| ) as well. 

Following the BRS method recalled in the introduction, the algebra of the Woo-generators in 
the n complex dimensional case will be obtained by duality through the corresponding BRS func- 
tional operator ( |1.2| ) from the BRS transformations ( 4.61 ) of the chiral ghost fields themselves. 
By performing this construction for the chiral ghosts, one should directly get a generalization 
to n dimensions of the chiral Woo-algebra ( |1.3D . 

Accordingly, the BRS variations of the generalized Bilal-Fock-Kogan parameters ( 3.55| ) can 
be directly computed from ( 4.61 ) by using a trick related to diffeomorphisms |26|, namely, 
I'?, ^} = 9r„ together with ( pq ), 



k=l 



(/- J(fe)-U + 1,)! 
^ (/-jW-lfc)! ^ 



(4.65) 



By using once more the previous trick on ( [4.65| ) one ends up with the counterpart of the in- 
tegrability condition ( p. 30 ) in terms of the external fields ( |3.55| ) for |/| > 1, and with the 
aforementioned notation 



-r, (I). ^ (/). _^ V"., . ^ (/- -Ifc + lr)!, 

^J^iy{z,z)-^J^ly{z,z) = }_^{l-5oi,) 



fJ-j '{Z,z)drfl)j '''{Z,z)-H^j '{z,z)drlj\ iz,Z, 



(4.66) 



The chiral ghost fields C^^^ admit a local decomposition in terms of the fields ( |3.55 ) which 
generalizes the well known conformal one [^] in two dimensions. The latter has already been 



extended in |2Cl[| for Riemann surfaces. By definition the promissed detailed expression for ( 4.60 ) 
writes 



|P|,|Q|=0 P + aiJiH ha|j|J|j|=7 

ai H h a|j| = |Q 
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E 



1^1 



V \Sk\ = ak, k = l,...,\I\ 



Sk 



J 



(4.67) 



where in the second summand enumerates (the number of multi- indices identical to J^, 
Jk Je ioT k ^ i and k,i = 1, (0 < < |/|), the sum goes with no repetition, and, for a 
given multi-index Sk = {s? , . . -Mn^) 



_{fe) _(fc) 



5fc 

and where new independent ghost fields have been introduced by 

c(^'«)(z, 



1 d^Pl d\Q\ 



(4.68) 



(4.69) 



Remark that expression (4.67) which expresses a change of generators for the W-symmetry is 
local. For instance, the case |/| = 1 gives 

C{z,z) = c(^'°)(z,z) +/ui(z,z)c(°'^)(z,z) 

which is the expression of the chiral ghost fields in terms of the true ghost fields c^*'*^) and c^'^'*-' 
for (infinitesimal) diffeomorphisms of M while |/| = 2 yields respectively for I = {ii) and 
/ = (ij), i < 

C^''Hz,z) = c'^''^''\z,z)+ii\{z,z)c'^'-^\z,z)+{^fi\^^ 
+ Y,f^riz,zUiz,z)c^^'^^Hz,z), 



r<s 



C^'^\z,z) = c(*^'0)(z, z) + fii{z,z)c^^''\z,z) + ^Ji^{z,z)S~'\z,z) + /if ^(z, z)c(°'^)(z, z) 
+ 2^,^{z,z)p^{z,z)c^'-^^\z,z)+Y,[^A{^^^^ 



r<s 



The ghosts c^^'^\z, z) satisfy rather elaborate BRS transformations, which generalize formula 
( [4.61 ) to the non chiral sectors. They can be obtained either from the very definition Eq ( |469D 
or from the combined action of the decomposition Eq( 4.67 ) and the BRS variations ( 4.61 ) and 
([1.651) . For \P\ + IQI > 1 the variations look hke 



5c(^'«)(z,: 



^ ^(1-V) L — — ^ 



S<Q 



k=l 



(P-i?W-lfc)! 
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p\ 

S<Q, \S\>1 



+ 2^2^(1-^05^) 2^ -^(-k) ^ 

fi<^' fc=l 5®<qW_i_ {Q-^ -%)' 



(4.70) 



=;fc 



/?<p, |fl|>i 

and, according to the BRS technique briefly recalled in the introduction, give rise to the Woo- 
structure at a non chiral level. These results provide (in the (2, z) submanifold characterized by 
ya = y-a = in the symplectic space) an infinite Woo-algebra of which the first step describes 
the reparametrization invariance {z,z) — > (Z'^(z,z),Z'^{z,z)) studied in |^. 

Here, what is left over is the relic of the deformation process for y^, y-a 7^ given by an infi- 
nite hierarchy of smooth changes of local complex coordinates {z,z) — > {Z^^\z ,'z) , Z^^) {z ,'z)) 
on the base (the (z, z)-space) of the symplectic space. The new Woo-algebra really encodes the 
behavior under symplectomorphisms of this hierarchy. 

5 Towards a Lagrangian formulation 

If we wish to construct now a Lagrangian field theory whose classical limit is invariant under 
this n-dimensional extension of a Woo-algebra, it would retain the imprinting of the infinite 
expansion from which the algebra is extracted, by reproducing a theory which is badly packed 
in the {z,^) space and makes attempt to get away in the full symplectic space. The 'classical' 
fields whose dynamics serve to probe the 3^o, 3^a 7^ sector are the generalized Bilal-Fock-Kogan 
parameters fij\z,z) defined in (|3.55| ). Indeed they are the only "true" local fields from which 
the pure gravitational theory would depend on. They are sources related to higher spin fields 
as in the unidimensional complex case, see e.g. |24]. 



So from the BRS approach an infinite set of Ward operators W(/) {z, z) can be obtained and 
from which a classical action T*^' may be defined in the vacuum sector as follows. For |/| > 1, 

W(,)(z,z)r^' = 

- ^J^YT^ + E (iir+ir)(drf^fiz,z)) + ^ (z, z)0,) = 0. (5.1) 

These encapsulate the first order case |/| = \L\ = 1 already treated in S. Remark also that in 



higher spin fields must be known. 



order to now the d divergence of the higher spin current, dual to IJ'j , the infinite collection of 
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Using the usual techniques, which in two dimensional limit, lead from Ward identities to 
O.P.E. expansion |^] we can derive a generalization of the "O.P.E." algebra which would pro- 
mote the present symplectic approach, since a n complex dimensional short-distance product 
could generally be a difficult task to manage. 

For both |/| and | J| greater than 0, one obtains 



i=i 



n-l 



2i{w^ - z'^) J (yji^,,,^z'^^...,w'',w\...,z'^,..., w'')SfL^f {z, z) 



r=l 



+ 2^ ( (^r _ ^fr\2 ~ _ ^ir j 1 1 -yt- - ) . U+J-lr)/ ,,-n ^ ^' ^^'^^ 

t 



'^r_^/r)2 z''-z"^l\ Z^ - z'^ J ^,M+-^-^-h 

£ = 1 



Sfi\'-'-'^>{z,z) 



fi=0 



leading to a convolution algebra, where the directional properties of the (short) distance limit 
is taken into account, for the Green functions generated by the generalized Bilal-Fock-Kogan 
fields. Its two dimensional limit gives the usual classical O.P.E. expansion. 

Anyhow, due to the anomalous character of the diffeomorphism symmetry at the quantum 
level, we must foresee whether this defect would be transmitted to the residual part of the 
algebra. Hence quantum corrections would be required to give a meaning to the theoretical 
model and are still under investigation. 



6 Conclusions 

It has been shown how a symplectic approach gives a strong geometrical way of extending the 
notion of Woo-algebra as a symmetry arising in the one complex dimensional case to a generic 
n complex dimensional (compact) manifold. 

This symmetry appears from consistent deformations of integrable complex structures in the 
spirit of Kodaira-Spencer deformation. The decomposition in terms of local quantities as the 
Bilal-Fock-Kogan coefficients considered as generalized sources for higher spin fields naturally 
emerges from the construction. However, in this symplectic framework, a truncation process 



analogous to the one for Riemann surfaces |22| from Woo-algebra to a finite W-algebra is still 



lacking. In particular, the latter could be of some interest in both string and brane theories (see 
e.g. ||T^) where higher spin fields appear in four real dimensions. In these theories, the fields 
seem to be related to some finite W-algebra. However theoretical models with explicit higher 
spin fields still remain to be constructed. 

More generally, even if the topic ought to seem, according to the physical context, rather 
technical and strongly grounded on mathematics, we would emphasize that the important prob- 
lem of a metric or a complex structure for a physical theory embedded in a gravitational model 
is far of being understood. So any little step in that direction could give profit to discover the 
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real of Nature and the intricacies of geometrical implications within the formulation of Physical 
Theories. 
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